Properties of Conjugate ofa Complex Numbers

Properties of z

If z=x + iy is a complex number then the complex

conjugate z of z is defined as
Z=x — iy

=Z

N

1
e.g. ifz=5+42i
thenz=5—2i

§=5+2i=z

2 Zl+Z2 =Z1+ZZ

Let z;=3 + 2i and z,=5— 3i

Thenz; + z, = (3 + 2i) + (5 — 3i)

Now z; +z, =(3 + 2i) + (5 — 3i)
=3—-2i+5+3i



717, = (3 + 20) (5 — 3)

= (3-2i)(5+3i)

From (1) and (2) its verified

477 1=(7)""
. .5 2.
If z=5+42ithenz 1==— =
29 29
— 5 2.
z7l=—t+—i
29 ' 29

Now z=5 — 2i and (E)‘1=2—59+%i

verified



5  Always

|z|= |z| and Re(z) < |z|

»  If z; 4ng Z» are two complex numbers then prove that
1z, + Z5| < |z1]+|2;]
Proof — We know that
|21 + 2;1%= (21 + 23) (21 + 23)
= (21 + 23) (21+2))
= 212142123+ 2321+ 7227,

= |21|2+2Re (z123) + |Zz|2



< |21 1742|211 25|+ | 2|
< (lz1] + 12,0)?
Thus, we have
121 + 21> < (|z1] + |2,])?
~zy + 25| < |zq |+ 2,

Hence proved.

o Prove that, for any two complex numbers z; 4n4 2>
||Z1| — |Zz|| < |z1 + z,|

First write z; as
Z1 =21+ 2, + (—25)

121|= (21 + 22) + (—2)|

21| < |21 + z3|+|—2,|

21| < |21 + z3|+|—2,|

12| < |21 + 25|+|2,]

|le - |Zz| S |Z1 + Zzl ..................... (1)

Let Z2= Z2 +Z1+(_Zl)
“ |z =2y + 21 + (—29))

wzpl <2y + zg [+ =24
wzp| < zy + 24|+ |24



s zp| - |z £ zy + 24|

= zg] + |21 | = =21 + 7z,
’.‘_|21+ZZ|S_|ZZ|+|21| ......................... (2)

From 1 and 2 we get

—|zy + 25| < |z1| = |2,| < |21 + 2]
Gives us
||Z1| — |Zz|| < |z; + z,|

Hence proved

/7

*¢ Prove that for all complex numbers z; 414 2>
|21 + 2,17 + |21 — 23|%= 2|z, |* + 2|2, |?

Solution we know that

= |z, + 2,|%= (21 + 25) (21 + 23)

= (21 + 23) (z1+ 23)
=Z1Z1 + 2123+ ZpZ1+ 237,
= |21 |2+ 2125+ ZoZ1+ | Z3|P oo, (1)
Similarly
z1 — 2317 = (2 — Zz)(m
= (21 — 23) (21~ 2)

= le_l - Z1Z_2‘ ZzZ_1+ Zzz



= |21%- 21Z5- Z2Z1+ | Z9|% oo (2)

Adding (1) and (2), we get

121 + 2,1% + |21 — 2,1%= 2|24|* + 2| 2, |?
Hence proved

¢ For any complex number z = x + iy, prove that
1z| < |Re(2)] + |[Im(2)|
To prove this, we will show that

Vx2+y? < x|+ |yl

For this, consider
(x| + lyD?= x> + [y1* + 2|x]|yl

ie. (Ix|+1yD?*=Ix]? + |yl?
i.e. (x| +|yD? =x%+y?

Taking square root both sides we get

(lx| + 1y} = yx* + y?

i.e. x| + |y| = |z]
i.e. |z] < |x| + |y]
i.e. |z| < |Re(z2)| + |Im(2)|

Hence proved.
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